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3  / 3  / Description of the problem 

Source: Network Manager  
Annual Network Operations Report 2011  
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4  / 4  / Description of the problem 

•  Today in Europe: 

u  Central Flow Management Unit is in charge of regulating the traffic 
with takeoff slots [-5,10] minutes to ensure the respect of sector 
capacity constraint 

u  Air traffic controllers focus mainly on their sectors and the 
neighbors. 

u  DMAN system manages the sequencing at departure 
u  AMAN system manages the sequencing in the approach phase 
u  Uncertainty is not taken into account in the current systems and 

recently in the research literature on the Air Traffic Flow 
Management Problem 
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5  / 5  / The  proposed solution 

•  Enhance the strategic phase of the air traffic control by 
estimating the uncertainty and by optimizing the times of 
overflight on the waypoints. 

•  The purpose is to reduce the gap between air traffic control and 
air traffic management and also provide a common framework for 
the ground, approach and en-route phases. 

•  We assume that the controllers can play an important role to the 
regulation of air traffic in order that the capacities of sectors and 
airports are respected. (Air Traffic Flow Management) 

•  We propose a system that will generate a plan consisting of time 
of overflight on the coordination points for every flights. Then, 
parts of the plan are communicated to concerned controllers like 
objectives for the flights to be at a waypoint at a given time. 

Thales Air Systems   November 29, 2012 



6  / 6  / Uncertainty Model 

•  The uncertainty is modeled through a Bayesian Network 

u  a.k.a Probabilistic directed acyclic graphical model 
u  Represents the conditional independencies between the random 

variables 
u  Useful to reduce the computational burden of the joint probability 

distribution 

Two interacting 
random variables 

A B

Figure 1.1: Relation between two waypoints

B shows that A directly influences B. Now, we are interested to determine the joint
probability to be at A at time t
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The first equality shows the propagation of the information in the same direction than
the influence arrow of the BN. The second shows the propagation in the other way, where
information about B is known before A. From these two equations, the important Bayes’
formula is obtained:
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Because of the direction of the arrow of time, it is natural to use the equation 1.1 in a
single flight plan bayesian network.
Concretely, Pr(A) is the marginal probability that the aircraft will be over the waypoint
A which, in this case, is an entry point, e.g. the first waypoint of a SID or the first
point in the airspace. In the former case, the flight takes off in our airspace and the
ground control will provide this information, contrary to the latter case where it will be
the responsability of the pilots.
Formally, Pr(A) can be defined as a vector A 2 [0, 1]N where each entry is a probability
associated to a time slice. To be a valid probability, the following constraints must be
respected:

1. Pr(A = t) 2 [0, 1], 8t 2 T

2.
P

t2T Pr(A = t) = 1

The second constraint says that the probability of overflight inside the finite time horizon
is equal to one. This can cause some problems if the expected flight duration is greater
than the horizon.
Thereafter, Pr(B|A) describes the aircraft performance, i.e. given the time of arrival at
A, the probability of the time arrival at B. Formally, Pr(B|A) can be defined as a matrix
in B|A 2 [0, 1]N⇥N where the columns refer to the time slice at A and the rows to the
time slice at B. Here, the constraints are:

1. Pr(B = j|A = i) 2 [0, 1], 8i, j 2 val(B)⇥ val(A)

2.
P

j2val(B) Pr(B = j|A = i) = 1, 8i 2 val(A)
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Because of the direction of the arrow of time, it is natural to use the equation 1.1 in a
single flight plan bayesian network.
Concretely, Pr(A) is the marginal probability that the aircraft will be over the waypoint
A which, in this case, is an entry point, e.g. the first waypoint of a SID or the first
point in the airspace. In the former case, the flight takes off in our airspace and the
ground control will provide this information, contrary to the latter case where it will be
the responsability of the pilots.
Formally, Pr(A) can be defined as a vector A 2 [0, 1]N where each entry is a probability
associated to a time slice. To be a valid probability, the following constraints must be
respected:

1. Pr(A = t) 2 [0, 1], 8t 2 T

2.
P

t2T Pr(A = t) = 1

The second constraint says that the probability of overflight inside the finite time horizon
is equal to one. This can cause some problems if the expected flight duration is greater
than the horizon. (TODO: Put the residuals in the last)
Thereafter, Pr(B|A) describes the aircraft performance, i.e. given the time of arrival at
A, the probability of the time arrival at B. Formally, Pr(B|A) can be defined as a matrix
in B|A 2 [0, 1]N⇥N where the columns refer to the time slice at A and the rows to the
time slice at B. Here, the constraints are:

1. Pr(B = j|A = i) 2 [0, 1], 8i, j 2 val(B)⇥ val(A)

2.
P

j2val(B) Pr(B = j|A = i) = 1, 8i 2 val(A)
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Figure 7.4: Bayesian Network for a flight plan
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Figure 7.5: Bayesian Network for a flight plan
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7  / 7  / Application to Air Traffic Management 

Scenario: 
-  2 Flights with the same Flight Plan (1-2-3-4) 

Uniform Distribution Parameters 
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Figure 7.6: Bayesian Network for a flight plan

10



8  / 8  / Application to Air Traffic Management 

•  Node of over flight: 1,2,3,4 
•  Node of traveling time: 1-2,2-3,3-4 
•  Node of sector capacity: S  

pTf,i+1(tf,i+1)

=

Z 1

�1
pTf,i,Tf,i!i+1 (tf,i, tf,i+1 � tf,i) dt

=

Z 1

�1
pTf,i(tf,i)pTf,i!i+1 (tf,i+1 � tf,i) dt

=
⇥
pTf,i ⇤ pTf,i!i+1

⇤
(tf,i+1)

The second line is obtained with the independence assump-
tion. The third line expresses the fact that the PDF of the sum
of two independent RVs is the convolution of their PDFs. If
we suppose that the trajectory is defined as a series of RV
(Tf,i, Tf,i!i+1)i2{0..n�1} where n is the number of points of
the trajectory, we can find that the PDF of any RV Tf,i is
the convolution of all the previous PDF in the sequence. This
can be proven by induction. Then, in a real-time system, we
would like to take into account new information. This can be
done with the conditional PDF:

pTf,i+1|Tf,i
(tf,i+1|tf,i) = pTf,i!i+1(tf,i+1 � tf,i) (1)

which simply translates the PDF of the time of traveling of
tf,i time unit. This does not change the previous result. As a
matter of fact, we can remove the PDF of the observed random
variables, because there is no more uncertainty associated to
them, and replace the first remaining PDF with a conditional
PDF. At this point, we have the necessary concepts to create
the trajectory structure in our BN. This corresponds to a path,
the sequence of metering points, and the RVs of traveling
linked to them. So, we can make a query on the BN by using
the joint PDF and its relationship with conditional PDF. For
the sake of notation, let Pr(Tf,i 2 dt) = pTf,i(tf,i)dt and
Pr(Tf,i 2 dt|Tf,j 2 dt) = pTf,i|Tf,j(tf,i, tf,j)dt dt. Here, we
use the Markov property:

Pr(Tf,i+1, . . . , Tf,i) = Pr(Tf,i+1|Tf,i)

which states that the conditional pdf of the future point does
not depend on the past points given the current one. This
simplifies the computation of the queries that required the joint
PDF. With the chain rule and the Markov property, one can
write:

Pr(\n
i=1Tf,i) = Pr(Tf,1)

nY

i=2

Pr(Tf,i| \i�1
j=1 Tf,j)

= Pr(Tf,1)
nY

i=2

Pr(Tf,i|Tf,i�1)

= Pr(Tf,1)
nY

i=2

Pr(Tf,i!i+1)

where Pr(Tf,i!i+1) is the translated PDF defined at Eq.1.
Notice that, for now, the graph structure of the resulting BN is
a forest, a disjoint union of trees. Consequently, all trajectories
are independent. To manage the case of diversions, we change
directly the structure of the BN by removing the old path and
adding the new one. Notice that after the modification, all
RVs connected by a path to any modified RV are impacted

and the associated PDFs must be computed. The modeling
of the uncertainty of the trajectory will be useful during the
optimization process to evaluate the objective function and the
constraints. This should also capture the actual situation of the
airspace updated by the monitoring process. Contrary to the
existing works on stochastic optimization of the ATFMP, the
uncertainty is modeled directly in the trajectory through the
metering points.

1) Sector Occupancy Model: In the ATFM context, the
usual way to measure the complexity of an airspace configu-
ration is to count the number of flights that will go through
the sector during a given time interval (e.g., one hour). Given
the flight plans of the day, the complexity of every sector
is predicted in order to determine the potential congestion
time, and when appropriate, to issue regulations for certain
flights. To this end, a capacity threshold on the number of
flights is used. Similarly, in the proposed model, the sector
constraint enforces that the number of flights in a sector is
below a threshold during a given time slice. Nowadays, the
time slice has a constant size of one hour. The reason behind
this coarse discretization consists to absorb the uncertainty
of the trajectories. In other word, we can be sure that the
flight will be in that interval at a given moment. This has
the effect to lower the effective capability of the controller
to handle traffic. As an example, assuming that the threshold
of the capacity constraint is two flights and the time slice is
60 minutes, a sector would be congested whereas two flights
could land at the beginning and one flight could take off at the
end of the time slice. With a finer discretization of 15 minutes,
only the first time slice will be congested. Nevertheless, to
achieve a finer discretization, the prediction capabilities of the
model must be of the same order of magnitude than the time
slice size. This will be an important element to validate on
the real dataset. To define formally the sector constraint, let
Si,[t0,t1] be the random variable that models the number of
flight traveling in sector i during the time interval [t0, t1]. In
the BN, we create a node Si connected to every boundary
points for every trajectories. Then, the PDF associated to Si

is defined in function of PDF of the boundary points, which
can become easily cumbersome. Notice that to be a valid PDF,
this definition shall respect the following property:

1X

j=0

Pr(Si,[t0,t1] = j) = 1, t0 < t1 2 R [ [�1,1]

i.e. that the probability that there are any number of aircraft at
any time interval is equal to 1. Notice that this formulation can
be used to describe the sector occupancy for any intervals. It
simply changes the integration bounds of the underlying PDFs.
Finally, let Ci,[t0,t1] be the Bernouilli RV that models the fact
that a sector i is congested during the time interval [t0, t1].
Then, Pr(Ci,[t0,t1] = 1) = P (Si,[t0,t1] > ci) where ci is the
capacity of the sector i.

C. Monitoring

Finally, the monitoring process is responsible for maintain-
ing a consistent model of the actual situation of the airspace.

This is a convolution operation! 

Assumption: Traveling time is independent of the 
time of arrival 

Thereafter, we can compute any marginal probability with 
convolution operations. 
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Figure 7.6: Bayesian Network for a flight plan
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9  / 9  / Application to Air Traffic Management 

Prior on departure point Resulting PDF on point 2

Resulting PDF on point 3 Resulting PDF on point 4
Figure 2. Convolution resultants on PDFs

case, scenarios are built with trajectory sampling for statistical
analysis on expected time of arrival and sector occupancy. A
scenario is complete when it gathers one sampled trajectory
per flight plan. This process gives as an output a set of M

scenarios D =  [1], . . . , [M ]. The elements of this set are
referred to particles in an approximate inference context. Of
course, the accuracy of the Monte Carlo simulations depends
directly on M and a sensitivity analysis should be done on the
real dataset in order to determine the order of magnitude of
M that is mandatory to ensure a good approximation.

A. Stochastic Optimization Problem

The goal of modeling a Stochastic Optimization Problem
is to address uncertainty over the outcomes of a system by
considering the most likely ones. In our system, this is done
with Monte-Carlo simulation, which generates the scenario
set D. The optimization process contains its own copy of the
airspace model for evaluating the solutions without affecting
the monitored airspace model. Then, the optimization process
starts from the actual situation as a default solution and
generates a new set of parameters for the model. A trajectory
sampling method is used to generate a new set of scenarios
and these are statistically analyzed in order to determine
the variation of the aggregate cost function under the sector
capacity. A possible stopping criterion for this iterative process
is to monitor the value of the cost function, and to stop
whenever it stays stable during a predefined time interval.
This stopping criterion should work even in the case where we
do not have enough information on the landscape of the cost
function. However, other stopping criteria could be envisioned.

B. Sector Constraint Approximation

As seen previously, an estimate of the probability of conges-
tion can be the ratio between the numbers of scenarios where
the sector is not congested over the total number of scenarios.
This probability is computed for every time slice and so, this
creates a stochastic process. So, a finer discretization has a cost
in the number of random variables in this stochastic process
to be estimated. An efficient way to estimate this stochastic
process is to determine the time intervals during which the
flight is in a sector. This is straightforward with the sampled
times at the entrance and exit points of the sector. Afterward,
we can count the number of intervals that intersect with the
time slice and compare it to the threshold.

C. Objective Function Approximation

In the Monte-Carlo approach, the landscape of the objective
function is not explored directly, but approximated with a huge
number of simulations. In this case, it is often more relevant to
maintain a pool of good solutions since a solution is better than
another solely with a given probability. Finally, regularization
terms will probably be necessary in the objective function,
in order to obtain realistic solutions. The rerouting must be
penalized since it adds a workload to the controller and the
pilot. The means of the traveling RVs should also be modified
only slightly, and in a consistent way, in order to minimize the
number of changes in the flight behavior. Finally, the variance
should always reflect the uncertainty of the system and should
be integrated in the objective function. These considerations
will be more easily taken into account with the Monte-Carlo
approach due to its flexibility. More generally, it is very likely
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10  / 10  / Application to Air Traffic Management 

pTf,i+1(tf,i+1)

=

Z 1

�1
pTf,i,Tf,i!i+1 (tf,i, tf,i+1 � tf,i) dt
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⇥
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The second line is obtained with the independence assump-
tion. The third line expresses the fact that the PDF of the sum
of two independent RVs is the convolution of their PDFs. If
we suppose that the trajectory is defined as a series of RV
(Tf,i, Tf,i!i+1)i2{0..n�1} where n is the number of points of
the trajectory, we can find that the PDF of any RV Tf,i is
the convolution of all the previous PDF in the sequence. This
can be proven by induction. Then, in a real-time system, we
would like to take into account new information. This can be
done with the conditional PDF:

pTf,i+1|Tf,i
(tf,i+1|tf,i) = pTf,i!i+1(tf,i+1 � tf,i) (1)

which simply translates the PDF of the time of traveling of
tf,i time unit. This does not change the previous result. As a
matter of fact, we can remove the PDF of the observed random
variables, because there is no more uncertainty associated to
them, and replace the first remaining PDF with a conditional
PDF. At this point, we have the necessary concepts to create
the trajectory structure in our BN. This corresponds to a path,
the sequence of metering points, and the RVs of traveling
linked to them. So, we can make a query on the BN by using
the joint PDF and its relationship with conditional PDF. For
the sake of notation, let Pr(Tf,i 2 dt) = pTf,i(tf,i)dt and
Pr(Tf,i 2 dt|Tf,j 2 dt) = pTf,i|Tf,j(tf,i, tf,j)dt dt. Here, we
use the Markov property:

Pr(Tf,i+1, . . . , Tf,i) = Pr(Tf,i+1|Tf,i)

which states that the conditional pdf of the future point does
not depend on the past points given the current one. This
simplifies the computation of the queries that required the joint
PDF. With the chain rule and the Markov property, one can
write:

Pr(\n
i=1Tf,i) = Pr(Tf,1)

nY

i=2

Pr(Tf,i| \i�1
j=1 Tf,j)

= Pr(Tf,1)
nY

i=2

Pr(Tf,i|Tf,i�1)

= Pr(Tf,1)
nY

i=2

Pr(Tf,i!i+1)

where Pr(Tf,i!i+1) is the translated PDF defined at Eq.1.
Notice that, for now, the graph structure of the resulting BN is
a forest, a disjoint union of trees. Consequently, all trajectories
are independent. To manage the case of diversions, we change
directly the structure of the BN by removing the old path and
adding the new one. Notice that after the modification, all
RVs connected by a path to any modified RV are impacted

and the associated PDFs must be computed. The modeling
of the uncertainty of the trajectory will be useful during the
optimization process to evaluate the objective function and the
constraints. This should also capture the actual situation of the
airspace updated by the monitoring process. Contrary to the
existing works on stochastic optimization of the ATFMP, the
uncertainty is modeled directly in the trajectory through the
metering points.

1) Sector Occupancy Model: In the ATFM context, the
usual way to measure the complexity of an airspace configu-
ration is to count the number of flights that will go through
the sector during a given time interval (e.g., one hour). Given
the flight plans of the day, the complexity of every sector
is predicted in order to determine the potential congestion
time, and when appropriate, to issue regulations for certain
flights. To this end, a capacity threshold on the number of
flights is used. Similarly, in the proposed model, the sector
constraint enforces that the number of flights in a sector is
below a threshold during a given time slice. Nowadays, the
time slice has a constant size of one hour. The reason behind
this coarse discretization consists to absorb the uncertainty
of the trajectories. In other word, we can be sure that the
flight will be in that interval at a given moment. This has
the effect to lower the effective capability of the controller
to handle traffic. As an example, assuming that the threshold
of the capacity constraint is two flights and the time slice is
60 minutes, a sector would be congested whereas two flights
could land at the beginning and one flight could take off at the
end of the time slice. With a finer discretization of 15 minutes,
only the first time slice will be congested. Nevertheless, to
achieve a finer discretization, the prediction capabilities of the
model must be of the same order of magnitude than the time
slice size. This will be an important element to validate on
the real dataset. To define formally the sector constraint, let
Si,[t0,t1] be the random variable that models the number of
flight traveling in sector i during the time interval [t0, t1]. In
the BN, we create a node Si connected to every boundary
points for every trajectories. Then, the PDF associated to Si

is defined in function of PDF of the boundary points, which
can become easily cumbersome. Notice that to be a valid PDF,
this definition shall respect the following property:

1X

j=0

Pr(Si,[t0,t1] = j) = 1, t0 < t1 2 R [ [�1,1]

i.e. that the probability that there are any number of aircraft at
any time interval is equal to 1. Notice that this formulation can
be used to describe the sector occupancy for any intervals. It
simply changes the integration bounds of the underlying PDFs.
Finally, let Ci,[t0,t1] be the Bernouilli RV that models the fact
that a sector i is congested during the time interval [t0, t1].
Then, Pr(Ci,[t0,t1] = 1) = P (Si,[t0,t1] > ci) where ci is the
capacity of the sector i.

C. Monitoring

Finally, the monitoring process is responsible for maintain-
ing a consistent model of the actual situation of the airspace.

Apply Chain Rule and Markov Assumption 

From this graph, how to compute the joint probability ? 

Then, we can compute the most probable trajectory easily. 
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Figure 7.5: Bayesian Network for a flight plan
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11  / 11  / Application to Air Traffic Management 

•  Probability for the flight i to not be in sector s during the 
interval [t0,t1] 

•  Probability for the sector 1 to be congested 

C. Sector Constraint

The sector constraint can be used as a hard constraint or
a soft constraint. For the first case, a feasible solution must
satisfies Pr(Ci,[t0,t1] > ci)  ✏, i.e. that the probability that
the sector i is congested during the time interval [t0, t1] is
under a threshold ✏. For the second case, the soft constraint
will be part of the objective function in order to minimize the
probability that a sector is congested.

VI. EXAMPLE

In this section, we present a toy example of use of the
airspace model. This will permit to understand the limits of a
theoretical approach with very simple PDFs and will translate
by the use of approximation methods, which are simpler for
computer-based simulations. So, let’s imagine the case of
two aircraft following the same flight plan. The sequence
of waypoints is: 1-2-3-4. 2 is an ingoing waypoint and 3
is an outgoing waypoint of the sector S1. Table 1 gives the
parameters of the uniform distribution of the input PDFs. The
expected time of arrival for both flights is at time 46. Also,
we choose a capacity of 1 aircraft for sector S1. Figure 1
shows the resulting BN where the blue nodes are RVs of the
trajectories and the big yellow node is the RV of the sector
occupancy.

With the d-separation in BN, we can see that the two
trajectories are independent if S1 is unknown because it is a v-
structure. If S1 is given, then the information on one trajectory
will impact the PDFs of the other trajectories. Moreover, we
can see the Markov property because there is only one edge
going out of a RV of metering point going toward another
metering point.

TABLE I
PDFS GIVEN AS INPUT

Lower Bound Upper Bound
1 -5 10

1-2 10 12
2-3 15 20
3-4 12 18

Now, imagine that the PDF at the point 1 and the PDFs of
the traveling time between points are all uniform distribution:
U(t0, t1). The PDF at point 2 is then the convolution of two
uniform distributions. The PDFs at points 3 and 4 are the
convolution of the resultant and a uniform distribution.

Figure 2 presents the resulting PDFs obtained by the
convolution operator. The up left figure shows the PDF of
the origin point 1 where we choose the CFMU interval.
The up right figure shows the PDF at point 2, the down
left shows the PDF at point 3 and the down right figure
shows the PDF at point 4. We can see that the number
of pieces to define the function increases rapidly. For
the PDF of 4, the function is defined with 24 pieces.
Now, the probability, modeled with a Bernouilli distribution,
that the flight i is not in sector 1 in the time interval [t0, t1] is:

Pr(Fi,s,[t0,t1])

= Pr(Ti,2 > t1) + Pr(Ti,3 < t0)� Pr(Ti,2 > t1, Ti,3 < t0)

= Pr(Ti,2 > t1) + Pr(Ti,3 < t0)

=

Z 1

t1

fTi,2(t)dt+

Z t0

�1
fTi,3(t)dt

which corresponds to enter the sector after or to exit the
sector before the interval. Note that these two events are
mutually exclusive. Consequently, the probability to be in
the sector is: P (Fi,s,[t0,t1]) = 1 � P (Fi,s,[t0,t1]). So, we can
define the probability that the sector 1 will be congested:

Pr(C1,[t0,t1])

= Pr(S1,[t0,t1] > 1)

= Pr(S1,[t0,t1] = 2)

=
⇥
Pr(F1,1,[t0,t1])

⇤ ⇥
Pr(F2,1,[t0,t1])

⇤

From the last equality, we remark that the flights are not
required to be at the same moment in the sector to be taken
into account in the probability. Consequently, in this case, the
probability that the sector is congested during [�1,1] is
equal to one. For the same considerations as described in the
sector occupancy model section, it is important to consider
small intervals. On the contrary, the intervals must not be too
small because the probability that the two aircraft will be in
the same sector during a small interval decays rapidly. As
an example, let t0 = 10, t1 = 20 and ✏ = 0.75, we obtain
P (C1,[10,20]) = 196

225 ⇡ 0.87 > ✏ and so, we consider that
a regulation must be undertaken in order to reduce this high
probability. For now, the objective function is equals to 0 since
the expected value of the PDF at point 4 is 46. If we change the
parameters of the uniform distribution of 1-2 for [12, 14], that
is we delay a flight for 2 minutes, then the probability drops
at 56

75 ⇡ 0.747 < ✏. On the other hand, the objective function
is now equal to 2, for p = 1. This toy example shows that the
model is adequate to model the uncertainty of the trajectory
at a high-level. Besides, we can see that the objective function
does not take into account the variance of the RV of arrival
time. In the latter, this issue shall be addressed.

VII. MONTE-CARLO APPROACH

From the example, we can see that working with the PDFs
with a symbolic computation approach can rapidly become
cumbersome. Consequently, we will rely on Monte-Carlo
simulations to estimate the sector congestion PDFs. From [17],
we know that a Monte-Carlo method used the fact that:

1

N

NX

i=1

f(x(i))
a.s.N!1������!

Z

X
f(x)p(x)dx

where x

(i) is a sample drawn from the PDF p(x). This is
an unbiased estimator and, by the law of large numbers, it
will converge almost surely to the expected value. In our
case, scenarios are built with trajectory sampling for statistical
analysis on expected time of arrival and sector occupancy. A
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C. Sector Constraint

The sector constraint can be used as a hard constraint or
a soft constraint. For the first case, a feasible solution must
satisfies Pr(Ci,[t0,t1] > ci)  ✏, i.e. that the probability that
the sector i is congested during the time interval [t0, t1] is
under a threshold ✏. For the second case, the soft constraint
will be part of the objective function in order to minimize the
probability that a sector is congested.

VI. EXAMPLE

In this section, we present a toy example of use of the
airspace model. This will permit to understand the limits of a
theoretical approach with very simple PDFs and will translate
by the use of approximation methods, which are simpler for
computer-based simulations. So, let’s imagine the case of
two aircraft following the same flight plan. The sequence
of waypoints is: 1-2-3-4. 2 is an ingoing waypoint and 3
is an outgoing waypoint of the sector S1. Table 1 gives the
parameters of the uniform distribution of the input PDFs. The
expected time of arrival for both flights is at time 46. Also,
we choose a capacity of 1 aircraft for sector S1. Figure 1
shows the resulting BN where the blue nodes are RVs of the
trajectories and the big yellow node is the RV of the sector
occupancy.

With the d-separation in BN, we can see that the two
trajectories are independent if S1 is unknown because it is a v-
structure. If S1 is given, then the information on one trajectory
will impact the PDFs of the other trajectories. Moreover, we
can see the Markov property because there is only one edge
going out of a RV of metering point going toward another
metering point.

TABLE I
PDFS GIVEN AS INPUT

Lower Bound Upper Bound
1 -5 10

1-2 10 12
2-3 15 20
3-4 12 18

Now, imagine that the PDF at the point 1 and the PDFs of
the traveling time between points are all uniform distribution:
U(t0, t1). The PDF at point 2 is then the convolution of two
uniform distributions. The PDFs at points 3 and 4 are the
convolution of the resultant and a uniform distribution.

Figure 2 presents the resulting PDFs obtained by the
convolution operator. The up left figure shows the PDF of
the origin point 1 where we choose the CFMU interval.
The up right figure shows the PDF at point 2, the down
left shows the PDF at point 3 and the down right figure
shows the PDF at point 4. We can see that the number
of pieces to define the function increases rapidly. For
the PDF of 4, the function is defined with 24 pieces.
Now, the probability, modeled with a Bernouilli distribution,
that the flight i is not in sector 1 in the time interval [t0, t1] is:

Pr(Fi,s,[t0,t1])

= Pr(Ti,2 > t1) + Pr(Ti,3 < t0)� Pr(Ti,2 > t1, Ti,3 < t0)

= Pr(Ti,2 > t1) + Pr(Ti,3 < t0)

=

Z 1

t1

pTi,2(t)dt+

Z t0

�1
pTi,3(t)dt

which corresponds to enter the sector after or to exit the
sector before the interval. Note that these two events are
mutually exclusive. Consequently, the probability to be in
the sector is: P (Fi,s,[t0,t1]) = 1 � P (Fi,s,[t0,t1]). So, we can
define the probability that the sector 1 will be congested:

Pr(C1,[t0,t1])

= Pr(S1,[t0,t1] > 1)

= Pr(S1,[t0,t1] = 2)

=
⇥
Pr(F1,1,[t0,t1])

⇤ ⇥
Pr(F2,1,[t0,t1])

⇤

From the last equality, we remark that the flights are not
required to be at the same moment in the sector to be taken
into account in the probability. Consequently, in this case, the
probability that the sector is congested during [�1,1] is
equal to one. For the same considerations as described in the
sector occupancy model section, it is important to consider
small intervals. On the contrary, the intervals must not be too
small because the probability that the two aircraft will be in
the same sector during a small interval decays rapidly. As
an example, let t0 = 10, t1 = 20 and ✏ = 0.75, we obtain
P (C1,[10,20]) = 196

225 ⇡ 0.87 > ✏ and so, we consider that
a regulation must be undertaken in order to reduce this high
probability. For now, the objective function is equals to 0 since
the expected value of the PDF at point 4 is 46. If we change the
parameters of the uniform distribution of 1-2 for [12, 14], that
is we delay a flight for 2 minutes, then the probability drops
at 56

75 ⇡ 0.747 < ✏. On the other hand, the objective function
is now equal to 2, for p = 1. This toy example shows that the
model is adequate to model the uncertainty of the trajectory
at a high-level. Besides, we can see that the objective function
does not take into account the variance of the RV of arrival
time. In the latter, this issue shall be addressed.

VII. MONTE-CARLO APPROACH

From the example, we can see that working with the PDFs
with a symbolic computation approach can rapidly become
cumbersome. Consequently, we will rely on Monte-Carlo
simulations to estimate the sector congestion PDFs. From [17],
we know that a Monte-Carlo method used the fact that:

1

N

NX

i=1

f(x(i))
a.s.N!1������!

Z

X
f(x)p(x)dx

where x

(i) is a sample drawn from the PDF p(x). This is
an unbiased estimator and, by the law of large numbers, it
will converge almost surely to the expected value. In our
case, scenarios are built with trajectory sampling for statistical
analysis on expected time of arrival and sector occupancy. A



12  / 12  / Application to Air Traffic Management 

•  If the sector interval is [10,20], the probability that the 
sector is congested is around 0.87. 

•  I fix my probability threshold at 0.75. 

•  Consequently, I can delay flight 2 with 2 minutes on the 
route 1-2 and then, the probability becomes 0.74. 
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13  / 13  / Why using probabilistic information is better ? 

•  Goal 

u  Model the uncertainty in the system and its evolution 
u  Take it into account in the decision process 

•  Intuition 

u  Deterministic approach: Be there at this moment 
£  Probability one on the selected time slice 

u  Robust approach: Be there at any time 
£  Probability of sector congestion must be equal to zero for every possible 

scenarios (Worst case) 

u  Probabilistic approach : Somewhere between the two approaches 
£  I know how to estimate the probability that the constraint will not be respected 

and therefore, I can choose a low threshold. 
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14  / 14  / How to automate the computations ? 

•  Doing the previous computation by hand is cumbersome 

•  We would like to define only the pdf on initial node and 
traveling nodes and have an algorithm to do the 
inference: 

u  Monte-Carlo Simulation 
£  Forward Sampling (Relatively slow to convergence in mean and variance) 

u  More general formulation of the relationship between overflight 
node and sector node. 

£  We have some insights that this computation takes a combinatorial number of 
operations to determine the exact pdf. 
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15  / 15  / Monitoring 

•  With new observations, we can estimate better the pdf 
of the required time of traveling based on: 

u  A local trajectory prediction 
u  The last flight with the same flight plan (same day) 
u  Historical data 
u  4D trajectory 

•  Verify that the variance is decreasing with time 

•  Otherwise, there is a significant event (conflict 
avoidance, weather hazard,...) which requires that the 
aircraft deviates from the plan. 

•  Main research question: How to adapt the current plan 
to the new situation? 
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16  / 16  / Optimization as a plan generator 

•  Define formally the optimization problem 

u  Aggregate function? 
u  Multi-criteria Optimization? 

•  Decision variables: initial node and traveling nodes 

u  But we cannot change directly the pdf 
u  Must use an intention operator 

£ Necessary to model uncertainty 
of the flight intent and the 
aircraft capacity 
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17  / 17  / Optimization as a plan generator 

•  Cost function: Expected cost of delays 

u  Aggregation over all aircraft (with priority)? 

•  Constraint: Capacity constraints on the sector 

u  Expected cost of congestion (Soft constraint) 

•  Which optimization algorithm to use ? 

u  Evolutionary Algorithm 
£  Adapted to operator based optimization 

£  But population-based algorithm must take into account the Monte-Carlo step in 
the evaluation of the cost function! 

£  Nevertheless, the population represents different scenarios 
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18  / 18  / Thank you 

 

Thank you for your attention 

Questions or comments ? 
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